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Survey Papers

@ Zongwu Cai and Yongmiao Hong, Some Recent Developments in
Nonparametric Finance, Advances in Econometrics (Racine and Li),
2000.

@ Zongwu Cai and Jingping Gu and Qi Li, Some Recent Developments
on Nonparametric Econometrics, Advances in Econometrics (Racine
and Li), 2009.

@ J. Racine and A. Ullah, Nonparametric Econometrics, Palgrave
Handbook of Econometrics (Mills and Patterson), Palgrave
Macmillan, 2006.

o J.L. Powell, Estimation of Semiparametric Models, Handbook of
Econometrics, Vol. IV (Engle and MaFadden), 1994.
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Kernel Estimation of Density

Conditional Mean (Regression)

Time Series Conditional Variance (Volatility) and Conditional
Correlations

Nonparametric Hypothesis Testing

Semiparametric Models

Empirical Examples: Financial Time Series Models of Volatility and
Correlations, Earning Functions, Income Distributions, Panel Data
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@ R-program

http://www.r-project.org/

@ Racine 'np’, 'npRmpi’, 'crs’ packages available from above link.

@ Eviews,Stata
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Functions (Models) in Econometrics

{v.x},
Y = E(Y|X)+U
= m(X)+U

o F(X), F(¥), F(X. ), F(VIX)
o m(X) = E(Y|X = x) : REGRESSION FUNCTION
e B(x) = m X) : REGRESSION COEFFICIENT FUNCTION
o C(x) = : CURVATURE FUNCTION
o 02(x) = V(Y]X = x) : VARIANCE (VOLATILITY)
o oy 7(x) = cov(Y, Z|X = x) : COVARIANCE FUNCTION
o LIKELIHOOD FUNCTION, SCORE FUNCTION
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mx) = €010 = [ yrboay = [

o
Vivb) = Elly = m(2)x = [ (v = m(x)? ((X)’ y
cov(yr, y2|x) = E[(y1 — mi(x))(y2 — ma(x))|x]
- / 01 =m0 = ma(e) (222
mi(x) = E(yilx), ma(x) = E(y2|x)
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Distribution Function-Parametric

X : logwage

(X}, i=12.n

A

p=x=1Tx;0"=1LY(x—x)?

Calculate for each xq, xo, ..., Xp.
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Distribution Function-Nonparametric [Data Based]

F(x) = % ; Ki(x — x)

Xj — X Xj — X ) 1 Xj — X 1
Kn(xi — x) K( ; ) =1( - )=1if 5 S~ =5
= 0 if otherwise
Fx) = number of data x; in [x—g,x%—g]:i
nh nh

= per unit relative frequency (proportion)
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Distribution Function-Nonparametric [Data Based]

Empirical Density (Local Histogram): Jumps at the end of interval and 0
derivatives elsewhere.
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Smooth Density

() K(252) = e dCP2, o < 22 < oo
) K(55%) = 31— (55%)3), |5~ |<1
K( ;X)TfX,XTK(X, ) fx,x
h=1.060,n"1/5, 1.060,n"1/(a+4)

A.Ullah (UCR) NP slides 11 / 54



PROPERTIES

Assumptions (p.21)

1.4.id.

2. f(x) is continuous and bounded
3. Second order Kernel:

[KW)dy =1, [¢K(p)dy =0, [ $*K(p)dyp = pu, <0

4. h— 0, nh— o0 asn—
BIAS(F(x)) = —f@(x)u, =0(h?)

V() = f () [ KA@)dy = ()

Theorem 2.2, p.23.
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PROPERTIES

MSE (f(x)) = (BIAS)? + V(f(x))

IMSE = M/SE:/MSE(?(X))C/X (2.46)
= /(BIAS)zdx—l—/ V(f(x))dx

hopt = cn™%  (2.49)
B LS COLURRIVE
13 [ (f@)(x))2dx

f(x) = N(p,0%), K() — N(0,1)
¢ = 1.060,

¢, substitute £(?)(x) for () (x)

Kopt = K() = 3(1—9?); -1 <y <1 (261).
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CROSS-VALIDATION

p.5b1
mcin/x(f‘(x) —F(x))%dx
= mCinISE
= mcin[/x F2(x)dx — nh(n2— 1 ZZK(XJ ;Xi)]

e

where h = cn1/5,
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MULTIVARIATE

X: f(x)dx = F(x)h=L¥7 ) K(XX)

X1 ?(Xl)dxl = ?(Xl)h = %27:1 K(Lf;h)
X1,X2 . ?(X]_,XQ)XmdXQ = ?(X]_,XQ)h2 = % 7:1 K(%, %)

X = [X1, Xo, ..., Xgli x = (x1, %2, ..., Xq)

F(x1, %2, ..., xq)h9 = F(x)h9 = Lyn k(g oo | X% o

X 1 <& X; — X
f(X):W K( h )-
i=1
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ASYMPTOTIC PROPERTIES

ASSUMPTIONS:

A.1. Let R be the class of all Borel-Measurable bounded real functions
K(x),x = (x1,.... xq)".

(i) [ K(x)dx =1, (i) [ |K(x)|dx < oo, (iii) ||x]|? |K(x)| — 0 as

||x]| — o0, (iv) sup |K(x)| < oo,where ||x]|| is E.Norm.

Examples: K(x) = (27r) "9/ 2exp{—3(x'x)}. K(x) =2~ qH/ X;j),
I(x;) =1,if [x| <1, I(xj)) =0 otherW|se

A2 h,=h—0

A.3. nh9 — c0asn— o

o Weak (pointwise) Consistency: Plim f(x) = f(x) at every c.p. of
f(x)

o Ef(x) — f(x)

o V(f(x)) = -kf(x) [ K*(w)dw — 0 as n — 0.
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ASYMPTOTIC NORMALITY

Vil (F(x) = £(x) = B) ~ N(0.F(x) [ K(9)dp)

where B = 2],12 () (x), v/nhh? — 0 as n — o0; 95% C.I. for f(x) :
F(x) £1.961/ V(f(x)).

"CURSE OF DIMENSIONALITY"
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Reduction in Bias (Higher Order Kernels)

If K € R, are kernels which could take negative/positive values such that
first (r — 1) moments are zero.
Earlier case was r = 2.

Bias(f(x)) = O(h"), Bias(M(x)) = O(h").
MSE (F(x)) = O(h*") 4+ O(-%;) where h o< n=2/(2r+9) Same for m(x).

nhd

MSE = O(n=2r/2r+a)) — O(n~1), if r is large.
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dx
dyp;

F(x) = o5 LIt K(55%) = o5 Ly K(¢;) where ¢, = %7, =h.
1

[ Fxex = rb’iil/XK(X’;X)dx

1 n
= op L], Kwhay,
_ 12":1

niz
= 1
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~ (%) + 5y f P (x)
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= ClEd - <Ezl>2]

x 1
= /h2K2 L 2 f(x dxl)—f(Ezl)
_ nh/K2 Y (x + hyp) dl/J——(Ezl)

~ nhf(x)/lpK(lp)dlp.
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Cumulative Distribution Function

F(x) = /_Xw P(t)dt

- /oonh
- n;/oth

=X _
Let =1

™

0 = 21 [ Ky

and G f K
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Cumulative Distribution Function

;X’> = [ 6Dt
- h/ f(x — hz)dz :—/m G(2)dF(x — hz)

= —[G(2)F(x — hz)] +/ F(x — hz)dz

EF(x) = EG(Z

[ee]

= / K(z)F(x — hz)dz
/

% K(z)[F(x) — FUOpz + %hzzzl_—(z)(x) +---]dz

—00

= F) 4 il FO () + o)

F(x) + 1 F) ()

where *2* = z. Thus, BIAS(F(x)) = %y2h2F(2)(x).
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SIMILARITY

X=X
Let z = L,

X — Xj

2y = [ G2<X,,X'>f<x,>dx,

- h/ G2(2)f(x — hz)d

_ _/_oo G2(2)dF (x — hz)

— z/joc(z)K(z)F(x—hz)dz

— 2/j° G(2)K (2)[F(x) — hzF V) (x)]dz + O(K?)
= F(x) — Ahf(x) + O(h?),

EG*(— =

A=2[2zG(z)K(z)dz and
2 [ G(2)K(z)dz = [7 dG?(z) = G?(0) — G?(—c0) =1
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Hence

MSE(F(x)) = ~ F(x) (1~ F(x)) + K (122 (F®)(x))? = AF(x)

IMSE(F / MSE(F —1 _Aeh
n

where ho = )Lon 1/3, /\0 = ()\2/)\3)1/3 and

Vn(F(x) = F(x)) ~ N(0, F(x)(1 = F(x))).

Stochastic Dominance: Linton, Whang, Maasoumi (2005, RES).
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TESTING

Ho : f(x) = g(x), Hi: f(x) # g(x)
TEST STATISTIC

fr)

= /X<f(x) — 5(x))2dx ~ N(0, V) under Ho

(x) = f(x); Panel Data

: f(x) = f(—x) Symmetry
cf(y,x) =f(x)f(y), f(z) = g(z)

0).

Fan and Ullah (1998, JNS), Su and White (2008, ET; 2007, JE).
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WHAT IS THE "TRUE" MODEL FOR THIS DATA?

THIS IS THE SUBJECT OF NONPARAMETRIC ECONOMETRICS
(DATA BASED MODELING).

« + Xp : PARAMETRIC MODEL.
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NONPARAMETRIC REGRESSION (CH.3)

(1) {Y, X}, X € R Data {y;,x;},i=1,2,...,n

mx) = E(VIX =) = [y sy = [y 5oy

Tk ()
Ly K ()

NADARAYA/WATSON (1964, SANKHYA)
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NP ESTIMATOR (LOCAL FIT)

m(x)=E(Y|X=x); Y=m(x)+u

yi = m(x)+u

— m(X)+(Xi_X)m(1)(X)+ (X;—X)2m(2)(x)_’_._'+ui

~ m(x)+uf;

and Xf;X o lpl' Xj — X = hll]l — O(h)

N-W (LCLS):

n

() = min} (v — m(x))*K(

m(x) i=
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LLLS:

Yi

5(0x) = min Yol = 2 ()30 PR ()
3(x) — m(X) — (7K (x ~1 7/ e (
300 = [300] = (@K(0)2) 12K 0y

where Z; = Z;(x), K(x) = Diag(K(*%), ...., K(*X)).

Mm(x) = [1 0]4(x); B(x) = [0 1]6(x) and

B(x): VARYING COEFFICIENT ESTIMATOR.
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VARIANCE: Nonparametric Estimation

Vylx) = Elly —m(x))*x

[

is the Conditional Variance [Heteroskedasticity]
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MISSPECIFICATION TEST

Hy:Y=a+XB+uory=m(x,0)+u
Hy iy =m(x)+u

= Hp: E(u|lx) =0; Hy : E(ulx) #0

Ho : E(ulx) = 0= E[uE(u|x)] =0
= Elum*(x)] =0
= E[um*(x)f(x)] =0
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TEST STATISTIC

Li-Wang (J. Econometrics, 1998).
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LLLS ESTIMATION OF VARYING (FUNCTIONAL)

COEFFICIENTS

LLLS: Y(yi — xiB(x))* K (*7*)
B(x) = (X'K(x)X) XK (x)y

yi = xiB(zi) + ui = m(x; z;) + uj
Y(yi — xip(2))?K(%5:2)

B(z) = (X'K(2)X) ' X'K(2)y
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Examples: Parametric Models
THRESHOLD AR (TAR): TONG (90)

Vi = Yi-1B(Yi—d) + ui

Blyima) = By if lyica|l >c
= ,32 if |y,-,d| <c

B(yi-a) = Byl(|yi—a|l = c) + Byl (|yi—d| < c)

A.Ullah (UCR) NP slides
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WINDOW-WIDTH

CROSS-VALIDATION
yi = m(x;) + 0
Min. 20,2 with respect to h

Also CV for both h and p ( local polynomial degree)
Hall and Racine ( 2015, JE).

m(xi) = mx)+ (xi —x)mD (x) + (xi — x)2mP (x) + - -+ (x; — x)P ) (x

/
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LLLS PROPERTIES

Vnhi(f(x) — m(x) — B(x)) (p)dy)

where B(x) = 1p,h?m®)(x).

Vil (Bx) = B(x) = Bi(x)) ~ (0, T [ (KW ())2dy)
fx) Jy

where Bi(x) = 1, i m®)(x).
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QUANTILE ESTIMATION

Yi = xifp + uj

Y Juil

— 6-quantile

Yolyi—xipl=Y ui— ) u

ui>0 u;<0

Yo luil 4 Y u

u;>0 u;i<0

= Zu, u,>0 Zu, u,<0
= Zu,l—lu,<0 Zu, (up <0)
=) ui( 1—2/(u,<0) =Y ui(0.5—1(u; <0))

Y |uil = + ) |u,!

u; >0 u; <0

0 Z lui| + (1 —0) Z |ui
u; >0 u; <0
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QUANTILE ESTIMATION

@ 0—th quantile of Fy = P(Y <), qy(0) is the solution of

PIY <y) = Fria)=0= [ fly)dy

— 00

qv (0) = Fy ()

o 0E, -4 |y - q| + <1 - 9>Ey<q |y - q| =
0 f,oqly—aldFy(y)+(1-6) [,_, Iy —aldFy(y)

DWRtog = 6 (y—q)dFy(y)+(1—9)/ (v —q)dFy(y)

0= 0 dv()+(1-0)| dfv(y)
= —0[1—Fy(q)]+ (1—0)Fy(q)
= —0+Fy(q)
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QUANTILE REGRESSION

W) y=Elylx)+uy=a+XB+u, min,,‘vl;Z[J,-2 : LS
(2) y = go(y[x) +u =g +xByu+u

ming [0 Yy, >0 [uil + (1= 0) Ly, <o [uil]
0 = 0.5 is Median Regression Estimator

min 3 (¥, >0 i + Ly,<o [ui]] = ming g 1| uj]

(3) NP: ming g[0 X, >0 |ui| K(*5%) + (1= 0) Ly <o |uil K(57)]
Su and Ullah (2008, SS)
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QUANTILE REGRESSION

S5(p.0) = 7eugo\ut\+ (1-0) % lul
_ ;eu;ut—u—e)u;out]
— 7;[9—/(ut<0)]u
F 2 py(ue)
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ADDITIVE REGRESSIONS

yi = m(x;)+ u
m(x,-ll...,x;q) + uj
= ml(Xi1>+m2(Xi2)+“'+mq(Xiq)+Ui

where Em;(x;s) = 0 for identification.
Then

m (X,'l) = /m(X,'l,X,'g)?(X,'g)dX,'g
ml(X;1> = /m(X,'l,X,'g)d/:_(X,'g)
. 1 &
i (xin) = — Y Alxin xi2).
j=1
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SEMIPARAMETRIC

62(x)) - 0
1.y=xB+u, V(ulx)= : : =% and
0 (A72(Xn
B(X'E(x)X)1X'£1(x)y. Also, Hg : E(u?|z) = m(z) = 02,
0? = m(z) 4+ V.Su and Ullah (2013, ET)
2. yi = ,,B—f-u,, f(u;) unknown

H f(u;)
i=1

log L(B) = Llog f(ur) = Llog f (), Fuj) = 5 Ly K(“52),
uj = yj = x;p

maxg log L(B). Engle and Gonzalez-Rivera (1991, JBES).

3. ye =xef+up, up = m(u—1) + €

Ve = xefp + m(Ut—l) + €t

yr — m(-1) = xef+ €

Su and Ullah (2006, ET): y: = m(x:) + ur, ur = m(us_1) + €
Test: see Hong (1996, Econometrica), Lee and Hong (2001, ET).
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Semiparametric Models

yi = xpf+ m(xi2)+ uj
E(yilx2) = E(xi1|xi2)B+ m(xi2)

vi— E(yilx2) = (xn — E(xi1|xi2))B + ui
yi = X,*LB + uj
yi' o= yi—xuB=m(x2) + u

Robinson (1988, Econometrica)
/n convergence of j.
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(NP) Nonparametric Dummy Dependent Regression

y = Llify*">0o0ru<xp
y = 0ify*<0oru>xpB

y = E(y|xB)+v
= Fp)tv
exP

= m+v—>|0glt

xB ]
= / f(t)dt + v — probit

—0o0

X,/S xB

L K(M)
Estimate B by NLS(Ichimura 1993, JE) or ML(Klein-Spady)
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Nonparametric Dummy Dependent Regression

Klein-Spady (1993, Econometrica):
logL=Y[F(xiB)yi + (1 — y;) log(1 — F(x;B))]

Manski's Score: Y [I(xif > €i)yi + (1 —yi)(1 = I(xip < €/))]

Horowitz: Replace /(x; > €;) by K(X;'F)

A.Ullah (UCR) NP slides
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Goodness of Fit

Parametric Regression R?

Yi
i Y: — X.6), @
min ¥ (Y - Xe0),
Yi
Y=Y
Y (Ye— V)
ANOVA Decomposition
7SS =

2

Normal Equations

Xt9+Ut t=1,..., n
(X'X)IX'Y
X:0 + U,

Y, + U,

Y, — 37+Ut

Y (Ve-Y JFZ:U2

ESS + RSS

_ RSS
7SS

EUtZO, ZUtXtZO

A.Ullah (UCR)
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Nonparametric Regression R?

Nonparametric Regression Estimation

Y = m(Xe)+ U
~ m(x)+ (Xe —x)' B (x) + U
= X0 (x)+ U

where Xoo = [ 1 (Xe—x)' ], 6(x)=[ m(x) B (x)]", Xeispx 1.
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Nonparametric Regression R? (Local)

Yt = X{XS(X>+Ut
= Vo+ U
Yt—y = S\/tx—y‘i‘Ut
Ye= V) = (Vo= V)’ + 02 +2 (Ve — V) O
_ N _.2 ~
Y (Ye= V)P Ky (Xe —x) = Y (Vee = V)7 Ky (Xe —x) + Y U2Kp, (Xe — x)

Local ANOVA
TSS (x) = ESS (x) + RSS (x)

Normal Equations
Y UKy (Xt — x)

R? (x) =

0, Y U (Xt —x)Kp (Xt —x) =0
ESS (x)
7SS (x)
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Nonparametric Regression R? (Global)

TSS(x) = ESS(x)+ RSS (x)
Y (Y= V)2 Ky (Xe—x) = Y (Vex = ¥)? Ky (Xe — x) + Y_ 02K, (Xe — x)
Voo = X4 (x) = Xb (XIWaXy) ! XLW4 Y]

/ TSS (x) dx = / ESS (x) dx + / RSS (x) dx

Global ANOVA
TSS = ESS+ RSS
R?2 = @Z _RSS
TSS TSS

ESS = YMH*MY, H* = f Hydx, Hx = Wi Xy (X}, WXXX)_1 X Wi
M =1, — L, where L is Matrix of 1/n.
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Goodness of Fit / Model Selection Measures

2 ESS, 1 RSSq
¢TSS T TSS
o Y' (l,—H;) Y
Y'MY
) RSS,/ (n — trHj;)
Ragg = 1-— -
TS5/ (n—1)
AIC = log(RSSy) +2tr (Hy) /n
BIC = log(RSSy)+ (logn)tr (Hy) /n
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Global R? (other definition)

y

< <
<<
N ~— ~—

X

x) +

m (x >>+V<u>

E (y[x)] + E[V (y]x)]

m(x)] / V(y)

E(y —m(x)’
V(y)

Iy - m)?

%Z(Yi—)'/)z

1

Y 9P 2 Y i )

< < < 3

(
(
[
[

1—

R?|

Uses of R2: Goodness of Fit
. Testing based on R? (LM type Tests)
Su, Ullah (2013, ET), Yao and Ullah (2013, JSPI)
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Discrete Data / Mixed Data

X f(x)?
X : Continuous
1

Discrete
F(x)
L(xj,x,A)
forx; € {0,1,...,c—1},0< A<

For Regression: x; is discrete

Yi =

n
nh;K

—x 1 &
E;K Xj, x, h)
1 n
= *ZL(X,',X,/\)
e
= 1—-A Xj = X
A
-1 Xi 7 X
—1 _c—1 _
C=ForA=<=L()=1/c.

m (X;) + u;

A.Ullah (UCR)
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Discrete Data / Mixed Data

L(xi,x,A) =1if x; = x and A otherwise.
Mixed Data x; = [ X1, Xj2 ] . xi1: C and x;o: D

Xj — X Xji1 — X
h ):K( lh 1)L(X,'2,X2,)\)

K(

A.Ullah (UCR) NP slides 54 / 54



	Econ 285J Nonparametric Econometrics Slides
	Part I Theoretical


